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Abstract: WedescribeaC++ class,Ogmg,thatcanbeusedto solveelliptic boundaryvalueproblemsoncomposite
overlappinggridswith themultigrid algorithm.Ogmgsolvesproblemsin two andthreespacedimensionsonoverlapping
grids.Currentlyonly secondorderaccuratescalarelliptic boundaryvalueproblemscanbesolved.
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1 Intr oduction

Ogmgis a multigrid solver for usewith Overture[1],[2]. Ogmgcansolve scalarelliptic problemson overlappinggrids. It has
a varietyof smoothersincludingRed-Blackandline smoothers.A sparsedirector sparseiterative solver suchasGMREScan
beusedto solve thecoarsegrid equations– theOverturesolverOges is usedfor thispurpose.

Thesystemof equationsthatOgmgsolvesarespecifiedasa “coefficient-array”grid function. Thecoefficient arraycanbe
createdusingtheOvertureoperatorclasses.Theuserof Ogmgis responsiblefor creatingtheseequationsatall multigrid levels.

Ogmgdoesnotyethandlethecaseof singularproblemssuchasaPoissonequationwith all Neumannboundaryconditions.

2 The multigrid algorithm for overlapping grids

Ogmgusesthestandarddefectcorrectionalgorithm. The implementationon overlappinggrids is relatively straight-forward.
Seethepaper[4] for furtherdiscussion.

� Typically Jacobi,Red-Blackor line (zebra)smoothersareused.

� Thefine to coarseRestrictionoperatoris thefull weighting operatorexceptatboundaries.

� Thecoarseto fineProlongationoperatoris secondor fourthorderinterpolation;second-orderby default.

� Thecyclechosenis eitheradaptive or canbefixedto adesiredone.

while not converged do
smooth��� timesor until thesmoothingrate ���� �	��
��� � �
form thedefectandtransferto thecoarsergrid��� ��� ���

��� ����� � ���
“solve” thedefectequation(at leastto an“accuracy” of � )��� � �! "���
correctthefinegrid solutionfrom thecoarsegrid solution� �	� � �$#&%

� �'� � �
smooth� � timesor until thesmoothingrate ���� �	��
�)( � �

endwhile

Thesmoothingsteprepresentedby theoperator
 is acomposite-smoothwhereeachgrid in turn is smoothed:

for each grid * in a CompositeGrid do
smoothgrid g �,+ times
interpolate

end for

Thesmootherandthenumberof smoothsmayvary from componentgrid to componentgrid. We try to choose-.+ , thenumber
of smoothson eachcomponentgrid, sothat theresidualstaysaboutthesamesizeon eachcomponentgrid. Theapproximate
ruleweuseis that

-.+  / residualongrid * /0�132 + / residualongrid * /
Thegrid with thesmallestresidualwill have -.+5476 .

3 UsingOgmg

3.1 BasicSteps

To useOgmgto solveaproblemtheusershouldtake thefollwoingsteps:

1. Generateanoverlappinggrid with thegrid generatorogen thathasmorethanonemultigrid level.

2. Usetheoperatorclassesto build a coefficient matrix definingthediscretizationof anelliptic boundaryvalueproblem.
Thismustbedoneateachmultigrid level (althoughwith theoperatorclassesthis is quiteeasy).
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3. CreateanOgmgobjectandassignparameterssuchasthetypeof smoother.

4. Definethe right handsidefunction for the PDE, including boundaryconditions. This needonly be doneat the finest
level.

5. solve theproblem.

3.2 Convergencecriteria

Ogmgusestwo possibleconvergencecriteria. Onecaneithermeasurethe convergencethroughthe maximumnorm of the
residual,or by anestimateof theerror. Both criteriamustbemetfor convergence.

Theresidualconvergencecriteriais

/ residual/98;: residualTolerance < numberof grid points

wherethe ‘residualTolerance’ is theuserspecifiedtolerance.We scaleby thenumberof grid pointsasanattemptto
make this tolerancesomewhatindepedentfrom thenumberof grid points.Notethatfor a typical elliptic problemthevery best
valuethatcanbeexpectedfor theresidualis proportionalto theround-off error, =?>A@

�
, where = is themachineepsilonand @ is

thegrid spacing(sothat 6B>A@
�

is approximatelythenumberof grid points).
Thesecondconvergecriteriais basedonanerrorestimate,

CED : errorTolerance

where‘errorTolerance’ is auserspecifiedvalue.Theestimate
C D

for theerrorat iteration- is computedas

� D 4 /GF D�H � � F D /
/�F D � F DJI � /

CED 4 �
6 � � /�F

D � F DJI � /
whereweusethemaximumnorm.Thisestimatefollowsassumingthesolutionis converging ata rate � ,

F D � F 8  � D �LK
� C D  /GF D � F 8 /98 �

3.3 Testroutine ogmgt

The testroutineOverture/Ogmg/ogmgt.C shows how to call Ogmgto solve Poisson’s equationwith eitherDirichlet or
Neumannboundaryconditions:

M F 4 � for NPORQ
F 4S* , or F D 4S* for NPOUTVQXW

The forcing functions
�

and * arechosenso that the true solutionis known. We usethe Twilight-Zone functionsdefinedin
theOGPolyFunction andOGTrigFunction classesto definethe true solutionandits derivatives. Seethe OtherStuff
documentation[3] for furtherdetailson theseclasses.
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4 Generatingan overlapping grid with multigrid levels

Thegrid generatorOgencanbeusedto build anoverlappinggrid with somenumberof multigrid levels.
Hereis an examplecommandfile for ogenfor creatingthe ‘circle in a channel’grid, cicmg.hdf. In this examplethe

overlappinggrid algorithmfails if wewereto askfor any morethan2 multigrid levels.

An overlappinggrid for acylinder in achannel,multigrid level 0.

An overlappinggrid for acylinder in achannel,multigrid level 1.
In figure(1) weshow two multigrid levelsfor a two-dimensionalvalve.
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Figure1: An overlappinggrid for avalve,2 multigrid levels.
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5 Black Box Multigrid

A new featureof Ogmgis theability to take a problemdefinedon a CompositeGridwith only onelevel andto automatically
generatethe informationfor coarserlevels. Therearetwo key ingredientsto makingthis work. The first is that we needto
generatethe coarsegrid coefficient matricesautomatically. The secondis to handleinterpolationpointson the coarsegrid
whichmayor maynot sit on interpolationpointson thefinegrid.

5.1 Operator averaging

To generatea coarsegrid operatorfrom a fine grid operatorwe canaveragetheoperatoron thefine grid andthenrestrictthe
resultto thecoarsegrid.

Considera 3 point stenciloperatorin onedimension.If we look at thestencilfor rows Y � 6 K Y K Y�#Z6 arrangedin a matrix
thenweget

[]\ I � F \ I �_^ \ I � F \ I �a` \ I � F \ b b
b [B\ F \ I � ^ \ F \ ` \ F \ H � b
b b [ \ H � F \ ^ \ H � F \ H � ` \ H � F \ H �

If we replacerow Y by theweightedaverageof rows Y � 6 K Y K Y$#�6 with weights c , d , c thenwegetthewidestencil

c []\ I � F \ I �
�
c ^ \ I �$#ed [B\ � F \ I �

�
c
�
` \ I �$# []\ H �f�L#gd ^ \ � F \

�
c ^ \ H �$#gd�` \ � F \ I �hc.` \ H � F \ H �

If we distribute thevaluesat point Y � 6 using F \ I �!4 �� � F \ I � # F \ � andat point Y�#i6 using F \ H �54 �� � F \ H � # F \ � thenwe
have awidestencilonly definedatpointsY �Uj K Y K Y$# j .�
c
� [ \ I � # �� ^ \ I � �k# �� d [ \ � F \ I �

�
c
� �� ^ \ I � # �� ^ \ H � #�` \ I � # [ \ H � �k#ed

� ^ \ # �� [ \ # �� ` \ �l� F \
�
c
�
` \ H � �� ^ \ H � �k# �� d�` \ � F \ H �

Typically we take cm4onp4q6�>�r , and ds4q6B> j . In morethanonespacedimensionwe canapply the above averaging
proceduresequentiallyin eachdirection.

5.1.1 Operator averagingat boundaries

At aboundarywewill typically haveaboundaryconditionsuchasadirichlet,neumannor mixedboundarycondition.Weneed
to decidehow to averageneartheboundaryandon theboundaryor ghostline.

Ogmgis awareof two typesof boundaryconditions.These’boundaryconditions’actuallyjust indicatehow theghostline
shouldbeupdated.Theconditionextrapolation indicatestheghostline is extrapolatedandusuallymeansthatadirichlet
boundaryconditionis appliedon theboundary. Theequation boundaryconditionindicatesthatsomeequationis appliedon
theghostline; this is usuallyassociatedwith aneumannor mixedboundarycondition.

dirichlet : In this casewe just imposeadirichletBC in thecoarsegrid operator.

neumann : (or neumannlikecondition)coarsegrid operator. Thecoarsegrid operatoris obtainedby distributing thefinegrid
ghostline equationto thecoarsergrid but notaveragedin thetangentialdirection.�

c
� []\ # �� ^ \ �k# �� d []\ � F \ I �

�
c
� ^ \ #�` \ # []\ �k#gd

� ^ \ # �� []\ # �� ` \ �)� F \
�
c
�
` \ # �� ^ \ �k# �� dt` \ � F \ H �

extrapolation : coarsegrid operatoris alsoextrapolation.

equation : ghostline hassomeequationon it. Thecoarsegrid operatoris obtainedby averagingtheghostlineequations(i.e.
averagingis only donein thetangentialdirections).

Remark: Thecoarsegrid matrix
� �

canalsobedefinedfrom thefine grid matrix
� � usingtheprologationandrestriction

operators

� � 4i� � � %
Thefirst stepabove wheretherows werecombinedcorrespondsto premultiplying

� � by � . Thesecondstepwherethevalues
atpointsYu#v6 andYu#v6 wereremovedcorrespondsto thepost-multiplicationby % .
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6 Numerical Results

In this sectionwepresentsomenumericalresultsfor sometwo andthreedimensionalproblems.
Notation:

WU(i) 4 numberof work unitsfor iterationi

res(i) 4 residualfor iterationi

rate(i) 4 convergencerate,res(i)/res(i-1)

ECR(i) 4 effective convergencerate

4 w)x�y
�
Y$#v6]�
w)x�y
�
Y��

�{z}|�~$� \��

err(i) 4 maximumerrorin thesolutionfor iterationi

-.��4 numberof smoothsperlevel

A work unit is definedto betheamountof work (numberof multiplications)requiredfor a singleJacobiiteration. Thework
unitsreportedhereareonly reasonableapproximations.

Theeffectiveconvergencerate(ECR)is anormalizedconvergenceratethattakesinto accounttheamountof work required
for eachmultigrid iteration.TheECRis theconvergenceratethataJacobiiterationwouldhaveto achieveperiterationin order
to beasgoodasthemultigrid algorithm.Recallthat theJacobiiterationhasa convergenceratefor standardelliptic problems
thatquickly approaches1,

C5� ��476 �S�
�
@
�
� asthemeshsize @ goesto zero.OptimalSORis betterwith

C!� ��476 �S�
�
@�� .

Multigrid effective convergenceratesaregenerallyin therangeW � to W � , independentof themeshsize. (Theconvergencerate
for a full cycle is usuallyabout W�6 ). Sincetheconvergenceratedoesnot dependon @ themethodhasoptimalcomplexity – the
work requiredto computethesolutionto a givenaccuracy requiresa fixednumberof iterations,independentof @ , andis thus
proportionalto thenumberof unknowns.
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6.1 Square

Y res(i) rate(i) WU(i) ECR(i)
6 ��W��B� � b 6 b W b]�A� ��W�6 b W � �j j W��B� � b j b W b r�6 ��W�6 b W �Ar� 6BW j � � bA� b W b r � ��W�6 b W �Ar
r ��W j � � b � b W b rAr ��W�6 b W �Ar
� j W r�� � b � b W b rA� ��W�6 b W �A�
� 6BW�6B� � b � b W b r�� ��W�6 b W �A�
� ��W r�� � bA� b W b rA� ��W�6 b W �A�
� j W ��� � 6 b b W b rA� ��W�6 b W �A�� 6BW � � � 6A6 b W b r � ��W�6 b W �A�

Red-Black,square16mg
2 levels, -.��4 � , Dirichlet

Y res(i) rate(i) WU(i) ECR(i)
6 6�W � ��# b 6 r�W�6�� � b j ��W � b W �A�j �JW ��� � b 6 r�W j � � b j ��W � b W �A�� j W r�� � b j r�W � � � b j ��W � b W �A�
r 6�W�6B� � bA� r�W rJ� � b j ��W � b W �A�
� rJW � � � b � r�W �J� � b j ��W � b W �A�
� j W j � � b � r�W �J� � b j ��W � b W �A�
� 6�W b � � b � r�W���� � b j ��W � b W �A�
� rJW � � � bA� r�W���� � b j ��W � b W �A�� j W � � � 6 b r�W���� � b j ��W � b W �A�

Red-black,square64mg.
4 levels, -.��4 � , Dirichlet

Y res(i) rate(i) WU(i) ECR(i)
6 � W ����# b 6 ��W b � � b j �JW � b W ��6j j W � ��# bAb ��W ��� � b j �JW � b W ��6� j W j � � b 6 ��W��B� � b j �JW � b W � j
r 6BW��B� � b j ��W��B� � b j �JW � b W � j
� 6BW � � � bA� ��W ��� � b j �JW � b W � j
� 6BW�6B� � b r ��W � � � b j �JW � b W � j
� ��W ��� � b � �JW b � � b j �JW � b W � j
� ��W ��� � b � �JW b � � b j �JW � b W � j� ��W ��� � b � �JW b � � b j �JW � b W � j

Alternating-Zebra,square64mg.
4 levels, -��4 � , Dirichlet

Table1: Multigrid convergenceratesfor asquare.
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6.2 Cir cle in a channel

Y res(i) rate(i) WU(i) ECR(i)
6 � W��B� � b 6 r�W b � � b j ��W�6 b W � �j � W�6B� � b j ��W � � � b j ��W�6 b W ��6� �JW r�� � bA� 6BW���� � b 6 ��W�6 b W��A6
r 6�W b � � bA� 6BW � � � b 6 ��W�6 b W�� j
� j W�6B� � b r j W b � � b 6 ��W�6 b W�� �

Red-Black,cicmg.
2 levels, -.��4 � , Dirichlet

Y res(i) rate(i) WU(i) ECR(i)
6 6BW��B�t# bAb 6BW�6�� � b 6 ��W�6 b W �A�j r�W � � � b 6 j W �J� � b 6 ��W�6 b W����� 6BW � � � b 6 j W �J� � b 6 ��W�6 b W��A�
r � W ��� � b j j W �J� � b 6 ��W�6 b W����
� 6BW b � � b j j W �J� � b 6 ��W�6 b W����
� j W ��� � bA� j W �J� � b 6 ��W�6 b W����
� ��W ��� � b r j W �J� � b 6 ��W�6 b W��A�

Alternating-Zebra,cicmg.
2 levels, -.��476 , Dirichlet

Y res(i) rate(i) WU(i) ECR(i)
6 � W��B�t# bAb b W b 6}� � W � b W �A�j � W b � � b j b W b j r �JW � b W �Ar� � W � � � bA� b W�6A6]6 ��W r b W���r
r 6�W ��� � bA� b W�6�r]� ��W � b W����
� 6�W��B� � b r b W�6A6 � ��W � b W����
� 6�W��B� � b � b W�6 b r ��W�� b W����
� j W�6B� � b � b W�6 j r ��W r b W����
Red-Black,cicmgFine.112,850grid points.

4 levels, -.��4�r , Dirichlet.

Table2: Multigrid convergenceratesfor acircle in achannel,cicmg.
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Figure2: Computedsolutionon thecicmg grid
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6.3 Box

Y res(i) rate(i) WU(i) ECR(i)
6 6BW ���t# bAb � W j � � b j r�W � b W ��6j 6BW��B� � b 6 � W�6�� � b j r�W � b W � b� 6BW ��� � b j � W�6�� � b j r�W � b W � b
r 6BW ��� � bA� 6BW b � � b 6 r�W � b W � j

Red-Black,box8mg
2 levels, -.��4 � , Dirichlet

Y res(i) rate(i) WU(i) ECR(i)
6 ��W �J��# bAb b W b � b r�W � b W � �j �BW���� � b 6 b W b ��� r�W � b W � b� ��W���� � b j b W b �A� r�W � b W � b
r ��W b � � bA� b W b �A� r�W � b W � b
� ��W � � � b r b W b � � r�W � b W � b
� r�W���� � b � b W b � � r�W � b W � b
� r�W � � � b � b W b]�Ab r�W � b W � b
� � W � � � b � b W b]� 6 r�W � b W � b� � W �J� � b � b W b]� 6 r�W � b W ��6
6 b � W j � � bA� b W b]� j r�W � b W ��6
6A6 � W b � � 6 b b W b]� j r�W � b W ��6

Red-Black,box16bmg
4 levels, -.��4 � , Dirichlet

Y res(i) rate(i) WU(i) ECR(i)
6 6BW ����# b j b W b � b r�W�� b W �]�j 6BW � ��# b 6 b W b ��� r�W�� b W � �� 6BW j ��# bAb b W b ��� r�W�� b W � �
r 6BW b � � b 6 b W b �A� r�W�� b W � b
� � W�6B� � bA� b W b �A� r�W�� b W � b
� ��W�6B� � b r b W b � � r�W�� b W � b
� �BW j � � b � b W b � � r�W�� b W � b
� ��W ��� � b � b W bA�Ab r�W�� b W � b� ��W ��� � b � b W bA�Ab r�W�� b W � b
6 b ��W � � � b � b W bA� 6 r�W�� b W � b

Red-Black,box64bmg
5 levels, -��4 � , Dirichlet

Table3: Multigrid convergenceratesfor a3D box.
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6.4 Sphere in a box

Y res(i) rate(i) WU(i) ECR(i)
6 ��W��B��# bAb b W b �A� ��W�6 b W ���j r�W ��� � b 6 b W b � � ��W�6 b W �]�� � W ��� � b j b W b ��6 ��W�6 b W �]�
r � W � � � bA� b W�6 b � ��W�6 b W � �
� �BW��B� � b r b W�6 � � ��W � b W��}�
� 6BW ��� � b r b W�6 �A� ��W r b W��}r
� j W��B� � b � b W�6A��� ��W�6 b W��]6
� ��W r�� � b � b W j b 6 ��W � b W��}�� � W ��� � b � b W�6A��� ��W�6 b W��]6
6 b 6BW ��� � b � b W�6 � j ��W � b W��}r

Red-Black,sibmg
2 levels,Dirichlet

Table4: Multigrid convergenceratesfor a3D spherein abox.

7 Singular problems

Whentheproblembeingsolvedis singular, suchastheNeumannproblem

M F 4 �
F D 4S*

therearesomedifficultiesusingmultigrid andestimatingtheerrorsandconvergencerates.Theproblemstemsfrom thefacts
that the solutionis only determinedup to a constantandthat thereis a compatabilityconditionon

�
and * that may not be

exactly satisfiedin thediscreteequations.If thecompatabilityconditionis not satisfiedthenthe residualcannotbedriven to
zerobut ratherthesolutioncanonly beexpectedto convergein ageneralizedsense.

��� 4i�
If �3� � 4 b thenthecompatabilityconditionis �3�$��4 b .

WhenOgesis usedto solveasingularsystemsuchastheonegivenit solvestherelatednon-singularproblem

� �
� � b

�
c 4 �

6 (1)

where
� 4¡ �6 K 6 K W�WfW K 6�¢ � is theright null vector. Althoughthematrix

�
is singulartheaugmentedmatrix is nonsingularand

hasauniquesolution:

��� 4i� � c �� � � 4 b
c£4

¤ � �¤�¥ �
We could try to solve the above non-singularsystemwith multigrid. The questionariseshow to compute c or how to

computeiteratesc D that converge. I don’t know how to do this. If we knew the left null-vector thenwe could computec
directly. Theleft null vectoris expensive to computeandthuswe maywish to avoid computingit (especiallyin a moving grid
applicationwheretheleft null vectorwouldbechangingasthegrid changes.)

Anotherapproachis to usemultigrid to iterateasif theproblemwerenon-singular. If we furthersetthemeanvalueof the
solutionto bezeroat every iterationwe would thenexpectthesolutionto converge. Theonly problemis thattheresidualwill
notgo to zeroif thecompatibilityconditionis notsatisfied.Themultigrid solver reliesonknowing anestimatefor thenormof
theresidualin orderto cycleproperly. We thereforewould likeanestimatedresidualthatdoesgo to zero.
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To getthisestimatewecandefinethesolutionto oursingularproblemto betheonethatsatisfies

� D 4Z¦ �&�¨§ D©� D 4 � D � c«ªJ¬
where c minimizestheexpression

0�132 / �¨§'� ¦ � c«® /
and ® satisfies

� ®¯4 �� � ®¯476
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8 OgmgFunction Descriptions

8.1 constructor

Ogmg()

Description: Default constructor.

8.2 constructor

Ogmg(CompositeGrid & mg,
GenericGraphicsInterface*ps = 0)

Description: Build amultigrid solver.

mg (input) : grid to use

ps (input) : supplyanoptionalGenericGraphicsInterfaceobjectfor plotting.

Notes: Herearesomenotes.SeetheOgmgUserGuidefor furtherdetails.

Boundary Conditions : Ogmglooksat thecoefficient matrix to determineif theghostline valuesareextrapolatedor
not. If not it assumesthereis somesortof neumannor mixedboundaryconditionsanddoesafew thingsdifferently.

Inter polants Themultigrid solver needsto interpolateat thedifferentlevels. If no Interpolantis foundto beassociated
with a CompositeGridat a given level theupdateToMatchGrid routinewill build anInterpolantthefirst time
(andupdateit on subsequentcalls). Thusif you have built anInterpolantfor any level thenyou areresponsibleto
updateit if thegrid changes.

8.3 setPlotStuff

void
set(GenericGraphicsInterface*ps )

Description: SupplyaGenericGraphicsInterfaceobjectto usefor plotting.

ps (input) : pointerto aGenericGraphicsInterfaceobject.

8.4 updateToMatchGrid

void
updateToMatchGrid( CompositeGrid & mg )

Description: Updatethesolver to matchthisgrid.

mg (input) : grid to use

8.5 getMaximumResidual

real
getMaximumResidual()const

Description: Returnthemaximumresidualfrom thelastsolve

8.6 getNumberOfIterations

int
getNumberOfIterations() const

Description: Returnthenumberof multigrid iterations(cycles).

Return value: thenumberof iterations.

16



8.7 sizeOf

real
sizeOf(° FILE *file =NULL) const

Description: Returnnumberof bytesallocatedby Ogmg;Optionallyprint detailedinfo to afile

An estimateof spacerequirementsis
j bJ± (2D) or r b�± (3D) where ± is the numberof grid pointson the finestgrid

(assumesmaximumnumberof levelssothat W �²#�W j �²#�W�6 j �²#�W�W3W�476 . For line smoothersthereis additionspacerequired.

file (input) : optionallysupplyafile to write detailedinfo to. Choosefile=stdoutto write to standardoutput.

Return value: thenumberof bytes.

8.8 setOgmgParameters

int
setOgmgParameters(OgmgParameters& parameters )

Description: setparametersequalto anotherparameterobject.

8.9 solve

int
solve( realCompositeGridFunction& u, realCompositeGridFunction& f)

Description: Solve Au=f with multigrid

u (input/output) : initial guesson input, answeron output. It is NOT necessarythat u be definedon all multigrid levels. u
mayonly liveonfinestlevel. It is bestif u satisfiestheboundaryconditionson inputalthoughthis is not required.

f (input) : right handsidefor theproblem.f shouldbedefinedfor thefinestlevel. As with u, f canonly bedefinedonthefinest
level if desired.

8.10 cycle

int
cycle(constint & level, constint & iteration, real& maximumDefect)

Description: Performamultigrid cycle. This routineis calledrecursively.

8.11 printStatistics

void
printStatistics(FILE *file =stdout) const

Description: Print performancestatisticssuchasthecputime requiredby variousroutines.

8.12 setCoefficientArray

int
setCoefficientArray( realCompositeGridFunction& coeff )

Description: Supplythecoefficient matrix. matrix (input) : acoefficientmatrixdefinedonall levels.

Ogmg::updateToMatchGridshouldhave alreadybeencalledat this point so that the themultigrid-compositegrid with
extra levelshasalreadybeenbuilt.
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8.13 setOrderOfAccuracy

int
setOrderOfAccuracy(const³ int & orderOfAccuracy )

Description: Settheorderof accuracy (2 or 4).

orderOfAccuracy (input) :

8.14 interpolate

int
interpolate(realCompositeGridFunction& u, constint & grid =-1 */, int level /* =-1)

Description: Interpolateheresowecankeeptrackof thecputimeused.

grid (input) : interpolatethisgrid only (if possible)

8.15 update

int
update(GenericGraphicsInterface& gi )

Description: Updateparametersinteractively.

8.16 update

int
update(GenericGraphicsInterface& gi, CompositeGrid & cg )

Description: Updateparametersinteractively. Use this updateif you have not alreadygiven a CompositeGridto Ogmg
(throughaconstructoror with theupdateToMatchGridfunction).

8.17 smooth

void
smooth(constint & level, int numberOfSmoothingSteps)

Description: This is the”composite”smoothroutine.Smoothonall gridsusingapossiblydifferentsmootherfor eachgrid.

8.18 smoothJacobi

void
smoothJacobi(constint & level, constint & grid)

Description: JacobiSmoother.

8.19 smoothGaussSeidel

void
smoothGaussSeidel(constint & level, constint & grid)

Description: GaussSeidelSmoother. NOT implementedyet.
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8.20 smoothRedBlack

void
smoothRedBlack(const´ int & level, constint & grid)

Description: Red-BlackSmoother

First smooth”red” points,thenblackpoints

Two-dimensions:
shift1 shift2
0 0
1 1
1 0
0 1

Three-dimensions:
shift1 shift2 shift3
0 0 0
1 1 0
1 0 1
0 1 1
1 0 0
0 1 0
0 0 1
1 1 1

8.21 smoothLine

void
smoothLine(constint & level, constint & grid, constint & dir ection )

Description: Line Smoother. Zebraline smoothing.

dir ection (input) : smoothon linesin thisdirection,0,1,2

8.22 alternatingLineSmooth

void
alternatingLineSmooth(constint & level, constint & grid)

Description: Herewedoalternatingline smooths;oneline smoothin eachdirection.

8.23 fineToCoarse(level)

void
fineToCoarse(constint & level)

Description: Transferthedefectfrom thefinegrid at ’ level’ to thecoarsegrid at ’ level+1’

level (input): *** thesenext commentsareprobablywrong****

Fine to Coarse (Restriction) Transfer
-------------------------------------

f2 <- Restriction( f1 )

Notes:

(1) Full Weighting at all Interior Nodes with mask() > 0
(2) Boundary nodes(*) are full weighted in the boundary
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(i.e. 1 dimension less) if mask > 0
(3) The first line of fictitious points(*) are full weighted

amongst fictitious points of the first line,
(i.e. 1 dimension less) if mask(boundary) > 0

(*) except BC corners or edges where the defect is injected

Philosophy:
Don’t average together defects that come from different types
of equations. Boundary nodes are assumed to be distinct from
interior nodes and the first line of fictitious points are
also assumed to be of a different type. Corners in 2D
or BC edges in 3D are also assumed to be distinct.

8.24 fineToCoarse(level,grid)

void
fineToCoarse(constint & level, constint & grid)

Description: Transferthedefectfrom thefinegrid at ’ level’ to thecoarsegrid at ’ level+1’

level,grid (input):

Notes: Full weightingoninteriorandboundarypointswheretheequationis applied.If theBC for ghostpointsis extrapolation
(e.g.if thereis adirichletBC) thentheboundarydefectsareaveragedalongtheboundary.

8.25 coarseToFine(level)

void
coarseToFine(constint & level)

Description: Correction:coarseto fine transfer.

F  µ��� � �,�µ¢¶#74 Prolongation  F  µ��� � �,��#v6�¢�¢

8.26 coarseToFine(level,grid)

void
coarseToFine(constint & level, constint & grid)

Description: CorrectaComponentGrid

F
�
Y K¸· �$4 F

�
Y K¶· �k#&%5  F j

�
Y K¶· �¹¢ ( P : Prolongation)

cp21,cp22,cp23: coeffcientsfor prolongation,2ndordercp41,cp41,cp43: coeffcientsfor prolongation,4thorder

8.27 defect(level)

void
defect(constint & level)

Description: Defectcomputation

Fill in defectMG[level] with f-Lu

8.28 defect(level,grid)

void
defect(constint & level, constint & grid)

Description: Defectcomputationonacomponentgrid

ComputedefectMG.multigridLevel[level][grid]
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8.29 getDefect

void
getDefect(const³ int & level,

constint & grid,
realArray & f,
realArray & u,
constIndex & I1,
constIndex & I2,
constIndex & I3,
realArray & defect,
constint lineSmoothOption)

Description: Defectcomputationonacomponentgrid

Determinethedefect= f - C*u

This routineknowshow to efficiently computethedefectfor rectangularandnon-rectangulargrids. It alsoknowshow to
computethedefectfor line smoothersInput - level,gridf,u I1,I2,I3 lineSmoothOption= -1 : = 0,1,2: computedefectfor
line solve in direction0,1,2Output- defect

8.30 initializeBoundaryConditions

int
initializeBoundaryConditions(r ealCompositeGridFunction& coeff)

Description: Determinethetypeof boundaryconditionthat is imposedon the**GHOSTLINE** for eachsideof eachgrid.
Thereare3 possibilities:

1. extrapolation: ghostpoint is extrapolated.This requiresaspecialformulafor thedefect.

2. equation: anequationsuchasa neumannor mixedboundarycondition. This usesbasicallythesameformulafor
thedefect,but shiftedto becentredon theboundary

3. combination: acombinationof theabove two appearson theboundary.

Notes: Wechecktheclassifyarrayto determinethetypeof boundarycondition.

8.31 applyBoundaryConditions(level,...)

int
applyBoundaryConditions( constint & level, RealCompositeGridFunction& u, RealCompositeGridFunction& f )

Description: Assignboundaryconditionson the**GHOSTLINE** for eachsideof eachgrid.

8.32 applyBoundaryConditions(level,grid,...)

int
applyBoundaryConditions(constint & level,

constint & grid,
RealMappedGridFunction & u,
RealMappedGridFunction & f )

Description: Assignboundaryconditionson the**GHOSTLINE** for eachsideof agrid. Valueson theactualboundaryare
assumedto bedonein thesmoothingstepsincethecoefficientmaxtrixshouldhold theproperequationthere(aDirichlet
BC for example).

level,grid (input) :

u (input/output) : applyBC’s to thisgrid function.

f (input): rhsto theequation(neededto computethedefectfor non-extrapolationBC’s)

Thereare3 possibilities:
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1. extrapolation: ghostpoint is extrapolated.This requiresaspecialformulafor thedefect.

2. equation: anequationsuchasa neumannor mixedboundarycondition. This usesbasicallythesameformulafor
thedefect,but shiftedto becentredon theboundary

3. combination: acombinationof theabove two appearson theboundary.

8.33 buildExtraLe vels

int
buildExtraLe vels(CompositeGrid& mg)

Description: Build extramultigrid levels.This routinewill createcoarserlevelsautomatically. Thetricky partis to determine
how to interpolateon thenew coarserlevels.After agrid is coarsenedit mayno longerhaveenoughinterpolationpoints.
We addnew interpolationpointsto fill in thegaps.Thewidth of theinterpolationstencilis reduced,on a point by point
basis,if necessary.

mg (input/output):
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